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In this paper the problem of a concentrated force F suddenly
applied to the upper crack face at a ﬁxed distance ‘ from the crack
tip at t = 0 and remaining at the same position for t > 0 is consid-
ered. The conﬁguration of the problem is shown in Fig. 1. Wu
(2004) considered the problem of a pair of concentrated forces, F
and F, respectively, appearing at the crack tip at t = 0 and moving
along the upper and lower crack faces at a constant speed v for
t > 0. These two problems are fundamentally different. One cannot
obtain the present solution from that in Wu (2004) by simply set-
ting vt as the distance from the crack tip since the position varies
with time. In fact, the moving force problem is self-similar in that
it does not contain any characteristic length whereas in the present
problem the ﬁxed distance from the crack tip appears as a charac-
teristic length. The introduction of the characteristic length neces-
sitates a separate treatment (Freund, 1993).
A similar problem but with a symmetric pair of normal concen-
trated forces was ﬁrst solved by Freund (1974). A solution was ob-
tained from a linear superposition of those to Lamb’s problem and
a moving dislocation problem. The solution method proposed by
Freund was used by Abou-Sayed et al. (1980) for parallel impact
shear loading on the faces of a crack and Brock (1982) for shear
and normal impact loadings on one face of a crack. The afore-men-
tioned works are for isotropic materials.
The problem considered by Freund (1974) was studied by
Rubio-Gonzalez and Mason (2000) for orthotropic materials. A
related case of an anti-symmetric pair of shear forces was investi-ll rights reserved.
ring.iam.ntu.edu.twgated byWang et al. (2001). The results of Rubio-Gonzalez andMa-
son (2000) and Wang et al. (2001) are valid for those orthotropic
materials with only one in-plane shear wave propagating along
the crack line, as in the case of isotropic materials. Here Freund’s
method is used to extend the work of Brock (1982) to anisotropic
materials. In particular an exact solution of the dynamic stress
intensity factors is derived. Explicit expressions for stress intensity
factors are given for orthotropic materials, for which two in-plane
shear waves may propagate along the crack line.
The customary approach to the analysis of transient motion is
based on integral transform methods and inversion by the Cagn-
iard-de Hoop (1962) technique. In this paper, however, a sextic for-
malism for elastodynamic problems for anisotropic materials
proposed by Wu (2000a) is adopted. In the proposed formalism
the general solution is directly expressed in terms of the eigen-
values and eigenvectors of a six-dimensional eigenvalue problem.
A major advantage of the proposed formulation is that no integral
transforms are required. This fact greatly facilitates derivations of
explicit solutions.
Several semi-analytical and numerical methods have been
developed for transient dynamic crack analysis of ﬁnite anisotropic
solids under uniform stress (Hua et al., 1996; Hirose et al., 2002;
Albuquerque et al., 2003; Gaul et al., 2003; Sladek et al., 2004;
Zhang, 2005; Garcia-Sanchez et al., 2008). Although only a concen-
trated load on the crack face is treated here, more general loadings
may be considered easily by the principle of superposition. More-
over, the analytic solutions obtained are valid for a ﬁnite crack in a
ﬁnite body before reﬂected waves from the boundary or the scat-
tering waves from the other crack tip arrive at the tip of interest.
The exact solutions may thus be used to check the accuracy of
the numerical solution in the appropriate time interval.
Fig. 1. Sudden application of a concentrated force on the upper crack face.
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constructing the solution. The matrix L(v) is one of the matrices
introduced by Barnett and Lothe (1973) for a steady state motion
with a constant speed v. It appears in many problems in dynamic
fracture mechanics. Indeed, for a crack extending steadily at speed
v, the energy release rate is related to L(v) (Wu, 1989). The stress
intensity factors for a crack expanding self-similarly at speed v un-
der uniform stress are expressed in terms of a certain integral con-
taining L(v) (Wu, 2000b). The stress intensity factors of a semi-
inﬁnite crack loaded by an obliquely incident plane stress wave de-
pend on a Wiener–Hopf factorization of L(v) (Wu, 2004), as in the
present problem.
The plan of the paper is as follows. First the basic formalism of
Wu (2000a) is outlined. Next the solution of a moving dislocation
from the crack tip derived recently by Wu (2012) is introduced
in Section 3. In Section 4 explicit expressions for the stress inten-
sity factors are derived. Finally numerical examples are given for
isotropic, cubic and orthotropic materials.
2. Formulation
For two-dimensional deformation in which the Cartesian com-
ponents of the stress rij and the displacement ui, i,j = 1, 2, 3, are
independent of x3, the equations of motion are
t1;1 þ t2;2 ¼ q€u; ð1Þ
where t1 = (r11,r21,r31)T, t2 = (r12,r22,r32)T, q is the density, a sub-
script comma denotes partial differentiation with respect to the
coordinates and an overhead dot designates derivative with respect
to time t. The stress–strain law is
t1 ¼ Qu;1 þ Ru;2 ð2Þ
t2 ¼ RTu;1 þ Tu;1 ð3Þ
where the matrices Q, R and T given by Qik = Ci1k1, Rik = Ci1k2, Tik = -
Ci2k2 and Cijks are the elastic constants.
For self-similar problems, the velocity at x2 = 0 may be ex-
pressed as (Wu, 2000)
_uðx1; tÞ ¼ 2y1t Re
X3
k¼1
fkðy1Þakðy1Þ
" #
ð4Þ
and the stress vector t2 as
t2ðx1; tÞ ¼ 2t Re
X3
k¼1
fkðy1Þbkðy1Þ
" #
; ð5Þ
where Re stands for the real part, y1 = x1/t. The quantities ak(y1) and
bk(y1) are obtained from the following six-dimensional eigenvalue
problem (Wu, 2000)
Nn ¼ pn; ð6Þ
whereN ¼ N1 N2
N3ðy1Þ NT1
 
; n ¼ a
b
 
;
N1 ¼ TRT; N2 ¼ T1;
N3ðy1Þ ¼ RT1RT  Q þ qy21I:
ð7Þ
Let aa and ba, a = 1, 2, 3, be labeled such that the corresponding pa is
characterized by Impa > 0 if pa is complex or p0aðy1Þ > 0 if pa is real
and deﬁne
A ¼ ½a1;a2;a3; B ¼ ½b1;b2;b3: ð8Þ
It is shown in (Ting, 1996) that
AB1 ¼ L1ST  iL1; ð9Þ
where L is symmetric and L1ST is skew symmetric. The matrix L is
real in the subsonic regime, complex in the intersonic regime, and
purely imaginary in the supersonic regime. The matrix L is singular
at the Rayleigh surface wave speed cR, i.e., det(L(cR)) = 0.
We shall assume that L(z), where z is a complex variable, admits
a Wiener–Hopf type factorization as (Wu, 2004)
LðzÞ ¼ LðzÞLþðzÞ; ð10Þ
where L(z) and L+(z) are analytic in the half planes Rez < g+ and Re-
z > g, respectively. Important properties regarding L(z) and L+(z)
may be deduced as follows. First, since L(0) is real and positive-def-
inite (Ting, 1996), L(0) and L+(0) are also real. By analytic
continuation
Im½Lðy1Þ ¼ 0; y1 < gþ; Im½Lþðy1Þ ¼ 0; y1 > g; ð11Þ
where Im denotes the imaginary part. Since L is purely imaginary in
the supersonic regime, it follows that
Re½Lðy1Þ ¼ 0; y1 > c1; Re½Lþðy1Þ ¼ 0; y1 < c1; ð12Þ
where c1 is the maximum bulk wave speed in the x1 direction.
For orthotropic materials with the symmetry planes coinciding
with the coordinate planes, explicit expressions for L(y1) and S(y1)
have been derived by Dongye and Ting (1989). The matrix L(y1) is
diagonal with the following elements:
a2ðy1Þ
ﬃﬃﬃﬃﬃﬃﬃ
C22
C66
s
L1ðy1Þ ¼ a1ðy1Þ
ﬃﬃﬃﬃﬃﬃﬃ
C11
C66
s
L2ðy1Þ ¼
Xðy1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Yðy1Þ
p ;
L3ðy1Þ ¼ a3ðy1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C55C44
p
:
ð13Þ
The nonzero components of S(y1) are
a1ðy1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C11C66
p
S12ðy1Þ ¼ a2ðy1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C22C66
p
S21ðy1Þ ¼
Qðy1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Yðy1Þ
p : ð14Þ
Here Cij is the contracted notation for the elastic constants,
Xðy1Þ¼a2ðy1Þ a1ðy1Þ2C11C22C212
 
ð1a2ðy1Þ2Þa1ðy1ÞC66
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C22C11
p
;
Yðy1Þ¼ a1ðy1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C11C22
p
þa2ðy1ÞC66
 2
ðC12þC66Þ2;
Qðy1Þ¼a1ðy1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C11C22
p
C66a2ðy1ÞC12C66
ð15Þ
and ak(y1) is given by
akðy1Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 y1
ck
 2s
;
where
c1 ¼
ﬃﬃﬃﬃﬃﬃﬃ
C11
q
s
; c2 ¼
ﬃﬃﬃﬃﬃﬃﬃ
C66
q
s
; c3 ¼
ﬃﬃﬃﬃﬃﬃﬃ
C55
q
s
:
Note that the Rayleigh surface wave speed cR is determined by
X(cR) = 0.
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a2ðy1ÞL1ðy1Þ ¼ a1ðy1ÞL2ðy1Þ ¼ C66
4a2ðy1Þa1ðy1Þ  ð1þ a2ðy1Þ2Þ2
1 a2ðy1Þ2
;
L3ðy1Þ ¼ C66a2ðy1Þ;
 a1ðy1ÞS12ðy1Þ ¼ a2ðy1ÞS21ðy1Þ ¼
a1ðy1Þ  C12a2ðy1Þ=C11
a1ðy1Þ þ a2ðy1Þ
:
ð16Þ
For orthotropic materials, Eq. (13) may be expressed as
Lkðy1Þ ¼ Lkð0Þ
1 ðy1=cRÞ2
a3kðy1Þ
Mð1=y1Þ; k ¼ 1;2;
L3ðy1Þ ¼ L3ð0Þa3ðy1Þ:
ð17Þ
Note that as g?1, M(g)? 1 and M(g) has no poles or zeros in the
ﬁnite plane. The factorization can be obtained by decomposing the
individual diagonal elements as Lk(y1) = Lk(y1)Lk+(y1), where
Lkðy1Þ ¼ Lkð0Þ
1 ðy1=cRÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðy1=c3kÞ
p Mð1=y1Þ; k ¼ 1;2;
L3ðy1Þ ¼ L3ð0Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðy1=c3Þ
p ð18Þ
and
logMðgÞ ¼ 1p
Z 1=c2
1=c1
hXðnÞ
n g dn
1
2p
Z 1=c4
1=c1
hY ðnÞ
n gdn: ð19Þ
Here hX(n) and hY(n) are given by
hXðnÞ ¼ Im½logðXð1=n i0þÞÞ; p < hX < p;
hYðnÞ ¼ Im½logðYð1=n i0þÞÞ; p < hY < p
ð20Þ
and Y(c4) = 0, c4 < c2, if such a real root exists, otherwise c4 = c2. The
wave speed c4 corresponds to a slower in-plane shear wave travel-
ing along the x1-direction, in addition to the faster shear wave with
c2. An explicit expression for c4 is given by Payton (1983),
c4
c2
¼ 1
b1 cðbþ1Þ2bðaþ1Þþ2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bð1þabcÞðaþbcÞ
ph i
1=2;
ð21Þ
where a = C11/C66, b = C22/C66 and c = 1 + ab  (C12/C66 + 1)2.
3. Moving dislocation in an inﬁnite solid with a semi-inﬁnite
crack
For a dislocation with Burgers vector b emitting from the tip of a
semi-inﬁnite crack coinciding with the negative x1-axis at t = 0
with speed c, the stress t2 ahead of the crack was given by (Wu
(2012))
t2ðx1; tÞ ¼ 12pt
ﬃﬃﬃﬃﬃ
c
y1
r
1
ðy1  cÞ
Re½Lðy1ÞLþðcÞb: ð22Þ
From Eq. (22) the corresponding stress intensity factor K = [KII,KI, -
KIII]T for the moving dislocation problem is
K ¼ lim
x1!0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px1
p
t2ðx1;0; tÞ ¼  1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pct
p Lð0ÞLþðcÞb ð23Þ4. A force on the crack face
Consider a concentrated force F suddenly applied on the upper
face of a semi-inﬁnite crack coinciding with the negative x1 axis as
shown in Fig. 1. As the force is applied at x1 = ‘ at time t = 0, a
transient displacement ﬁeld radiates from the point of application
of the force. Before the leading wave arrives at the crack tip atx1 = 0, the surface velocity ﬁeld is the same as that due to an impact
force applied on a half-space and is given by (Wu, 2000)
_uðx1; tÞ ¼ 1pt Re L
1ðvÞ
h i
 Im L1ðvÞSTðvÞ
h i 
F
þ 1
t
dðv  cRÞ bL 0 1ðcRÞSTðcRÞF; ð24Þ
where v = (x1 + ‘)/t and
bL 0ðvÞ ¼Xn
k¼1
k0kðvÞqkqTk : ð25Þ
Here kk is the eigenvalue of Lwith kk (cR) = 0, qk is the corresponding
eigenvector, k0k denotes derivative of kk with respect to its argument
and n is the number of such eigenvalues. Eq. (24) may also be ex-
pressed as
duðvÞ
dv ¼ 
1
pv Re L
1ðvÞ
h i
 Im L1ðvÞSTðvÞ
h i 
F
 1
cR
dðv  cRÞ bL 0 1ðcRÞSTðcRÞF: ð26Þ
As the leading wave passes through the crack tip, the transient
ﬁeld given by Eq. (26) is no longer valid as it violates the displace-
ment continuity conditions for x1 > 0 and x2 = 0. However, the ﬁeld
may be regarded as that due to the force and the dislocations de-
scribed by Eq. (26) emitting from the crack tip (Freund, 1974).
The solution of the crack problem can thus be obtained by cancel-
ing the moving dislocations. In particular from Eq. (23) the corre-
sponding stress intensity factor is given by
K ¼  1ﬃﬃﬃﬃﬃﬃﬃﬃ
2pt
p Lð0Þ
Z c1
v
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v  vp LþðvÞ
du
dv dv; ð27Þ
where v⁄ = ‘/t < c1 and c1 is the maximum bulk wave speed in the x1
direction. For v⁄ > c1 or t < ‘/c1, no waves generated by the applied
load have arrived at the crack tip and K is identically zero. Substitu-
tion of Eq. (26) into Eq. (27) yieldsﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p
K ¼ kðvÞF; ð28Þ
where
kðvÞ ¼
ﬃﬃﬃﬃﬃ
v
p
p
Lð0Þ
Z c1
v
Re L1 ðvÞ
 
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v  vp dv 
ﬃﬃﬃﬃﬃ
v
p
p
Lð0Þ
Z c1
v

LþðvÞIm L1ðvÞSTðvÞ
h i
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v  vp dv
þ
ﬃﬃﬃﬃﬃ
v
p
cR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
cR  v
p Lð0ÞLþðcRÞ bL 0 1ðcRÞSTðcRÞHðcR  vÞ ð29Þ
and H is the Heaviside step function and the limiting values of the
integrands as Im (v)? 0+ are understood. From Eqs. (13) and (14)
the explicit expressions for the elements of k for orthotropic mate-
rials are given by
k11ðvÞ ¼
ﬃﬃﬃﬃﬃ
v
p
p
Re
Z c1
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v=c2
p
DðvÞ dv
 !
;
k22ðvÞ ¼
ﬃﬃﬃﬃﬃ
v
p
p
Re
Z c1
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v=c1
p
DðvÞ dv
 !
; ð30Þ
k12ðvÞ ¼ 
ﬃﬃﬃﬃﬃ
v
p
p
L1ð0Þ
Z ðv ;c2Þc1
max
EþðvÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ v=c2
p Im QðvÞ
XðvÞ
 
dv
 !
þ ﬃﬃﬃﬃﬃvp L1ð0ÞEþðcRÞQðcRÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cR=c2
p
X 0ðcRÞ
HðcR  vÞ; ð31Þ
Fig. 2. kab, a, b = 1, 2, for the isotropic material with Poisson’s ratio 1/4.
Fig. 3. kab, a, b = 1, 2, for graphite epoxy composite.
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ﬃﬃﬃﬃﬃ
v
p
p
L2ð0Þ
Z ðv ;c2Þc1
max
EþðvÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ v=c1
p Im QðvÞ
XðvÞ
 
dv
 ﬃﬃﬃﬃﬃvp L2ð0ÞEþðcRÞQðcRÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ cR=c1
p
X 0ðcRÞ
HðcR  vÞ; ð32Þ
k33ðvÞ¼
ﬃﬃﬃﬃﬃ
v
p
p
Re
Z c3
v
1
v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vvp ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1v=c3p dv
 !
¼Hðc3vÞ; ð33Þ
k13¼ k23¼ k31¼ k32¼0; ð34Þ
where
DðvÞ ¼ v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v  vp ð1 v=cRÞMð1=vÞ;
EþðvÞ ¼ ð1þ v=cRÞMþð1=vÞ
C66v
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
v  vp :
ð35Þ
In Eqs. (30)–(32), Q(v) and X(v) are given by Eq. (15), M±(g) is given
by Eq. (19) and cR is determined by X(cR) = 0.The lower limits of the
integrals for k12 and k21, respectively, in Eqs. (31) and (32) are due
to the fact that either Q(v) or X(v) in the integrands is real for v < c2.
Note that for k11 and k22 in Eq. (30) the integrands are purely
imaginary for v > c1 and v < v⁄ < c4, if the slower in-plane shear
wave exists such that Y(c4) = 0. Thus for v⁄ < c4, the integrals of
k11 and k22 can be considered as line integrals in the complex z-
plane along z = v + i0+, 1 < v <1. The singularities of the inte-
grands of k11 and k22 are simple poles at v = 0, cR and branch points
at v = v⁄, c2, c1 and c4. The line integrals can be evaluated analyti-
cally by Cauchy’s integral theorem as
k11ðvÞ ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=cR1=c2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=cR1=v
p
Mð1=cRÞ
; cR < v < c4
0; 0 < v < cR
8<:
k22ðvÞ ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=cR1=c1
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=cR1=v
p
Mð1=cRÞ
; cR < v < c4
0; 0 < v < cR
8<:
ð36Þ
If the slower in-plane shear wave does not exist, c4in Eq. (36) should
be replaced by c2.
The integrals of k11 and k22 for c4 < v⁄ < c1 cannot be evaluated
directly and must be computed numerically. It may be shown that
M(1/v) in the integrands is purely imaginary for c4 < v < c2 and the
integrals of Eq. (30) may be rewritten as
k11 ¼
ﬃﬃﬃﬃﬃ
v
p
p
Re
Z ðv ;c2Þc1
max
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v=c2
p
DðvÞ dv ;
 !
k22 ¼
ﬃﬃﬃﬃﬃ
v
p
p
Re
Z ðv ;c2Þc1
max
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v=c1
p
DðvÞ dv
 !
: ð37Þ
The integrals for k12 and k21, respectively, in Eqs. (31) and (32) must
also be evaluated numerically. In the numerical calculations it is
convenient to change the integration variable from v to, say,
g ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃv  vp , so that only regular integrals need to be treated.
It should be noted that for orthotropic materials k11 and k21,
respectively, are the same as the stress intensity factors due to
an anti-symmetric and a symmetric pair of unit shear forces nor-
malized by
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=p‘
p
; while k12 and k22, respectively, are the same
as those due to an anti-symmetric and a symmetric pair of unit
normal forces normalized by
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=p‘
p
.
5. Numerical examples
Eqs. (30)–(32) were calculated for the isotropic material with
Poisson’s ratio 0.25. For the isotropic material c1 = 1.732c2 and
cR = 0.919c2. The result is shown in Fig. 2, in which c2 t/‘ = c2/v⁄. It
is observed that upon the arrival of the dilatational wave k11 in-
creases rapidly and then decreases slowly; whereas k22 takes on asmall negative value. After the shear wave arrives, either stress
intensity factor exhibits a negative square root singularity at t = ‘/
cR  0+. As t > ‘/cR, the stress intensity factors take on their corre-
sponding static values. For k12 and k21 the values are ﬁnite with
one local maximum and minimum between the arrivals of the dila-
tational and the surface waves. For a given time the stress intensity
factors are opposite in sign. A square root singularity occurs at t = ‘/
cR + 0+ and the values decrease to zero subsequently. The variations
of k22 and k21 agree with those computed, respectively, by Freund
Fig. 4. kab, a, b = 1, 2, for copper.
K.-C. Wu / International Journal of Solids and Structures 49 (2012) 2681–2685 2685(1974) and Abou-Sayed et al. (1980). The variations of k11 and k12
also agree with those calculated by Brock (1982).
Consider next a graphite epoxy composite material with E1 =
156.75 GPa, E2 = 10.4 GPa, G12 = 7.07 GPa, m12 = m13 = 0.31, m23 =
0.49. For the material c1 = 4.769c2 and cR = 0.988c2.The correspond-
ing stress intensity factors are shown in Fig. 3. The trends of the
stress intensity factors are similar to those for the isotropic mate-
rial except that k11 increases more sharply upon the arrival of the
dilatational wave and stays nearly constant before the shear wave
arrives. The results of k11 and k22 agree with those reported by
Wang et al. (2001) and Rubio-Gonzalez and Mason (2000),
respectively.
Finally consider copper, which is a cubic material with
C11 = 168.4 GPa, C12 = 121.4 GPa and C66 = 75.4 GPa. For the mate-
rial a slower shear wave exists with c4 = 0.741c2. The dilatation
wave and surface wave speeds are c1 = 1.494c2 and cR = 0.694c2,
respectively. The corresponding stress intensity factors are shown
in Fig. 4. The variations of the stress intensity factors are signiﬁ-
cantly different from those of the previous cases. After the dilata-
tional wave arrives, k11 increases moderately to a maximum
value and then slowly decreases until the arrival of slower shear
wave. In contrast k22 decreases moderately to a minimum value
and then slowly increases until the arrival of slower shear wave.
Thereafter either stress intensity factor exhibits a square root sin-
gularity at t = ‘/cR  0+. The stress intensity factors k12 and k21 be-
have similarly as k11 and k22, respectively, except that they vary
continuously until the arrival of the surface wave.
6. Conclusion
The dynamic stress intensity factors due to a concentrated force
suddenly applied to one of the faces of a semi-inﬁnite crack in a
general anisotropic material have been derived and given by Eq.
(28). For orthotropic materials k11 and k22 exhibit a square root sin-gularity at t = ‘/cR  0+ and then take on their corresponding static
values, which are independent of the material constants. Similarly
as soon as the shear wave arrives, k33 assumes its static value. For
k12 and k21 the values are ﬁnite for ‘/c1 < t < ‘/cR. A square root sin-
gularity occurs at t = ‘/cR + 0+. Thereafter the values decrease to
zero as 1=
ﬃﬃ
t
p
when t?1. The expressions for the stress intensity
factors require Wiener–Hopf factorization of a matrix for general
anisotropic materials. At present, however, no systematic method
is available for matrix factorization except for orthotropic materi-
als, for which the corresponding matrix is diagonal.
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